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Introduction to robust location estimators
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Introduction to robust location estimators

[ Alfunction (X)) of a (continuous) random variable X is called a
measure of location if

1. plaX +b) =au(X)+b
2. X >0 = pu(X) >0

Property 1. is called affine equivariance.

[ Ekamples: Mean, median, quantiles, linear combinations of
quantiles, mode

[ Ah estimator of u(X) is called a location estimator.

[ Ekamples: Sample mean, sample median, order statistics, linear
combinations of order statistics, sample mode
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Introduction to robust location estimators

[_Ifl the parent distribution has long tails or if the sample is
contaminated by outliers a location estimator should be robust.

[_Rbbustness of an estimator can be quantified by its breakdown
point, the smallest proportion of outliers needed to make the
estimator useless (unbounded).

[_Ekamples:

[ The sample mean is not robust. Its finite-sample breakdown
point is €& = 1/n, and its asymptotic breakdown point is
e = 0.

[ The sample median is highly robust. lts finite-sample and its
asymptotic breakdown point is €; = ¢* = (0.5.
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Robust location estimators in 1D

Robust location estimators in 1D
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Robust location estimators in 1D

[ E$timators based on modal intervals

[ Inkdepth study in Bickel and Frihwirth, CSDA 50 (2006).

[ LMS (least median of squares): minimize the median of the
squared residuals.

pLvs = argminmed 3 (p),  ri(p) = x; — po
7 7

> In 1D prms is the midpoint of the shortest interval containing
50% of the data.

> The FSBP and the ABP are ¢ = ¢* = 0.5.
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Robust location estimators in 1D

[_Es$timators based on modal intervals (cont)

[Shorth: mean of the data in the shortest interval containing
50% of the data.

> Breakdown point €, = €* = 0.5.
[ HEM (half sample mode): iterated LMS.
> Find the shortest interval containing 50% of the data.

> Keep only data in this interval and repeat until only two
observations are left.

» The HSM is the mean of the last two observations.

> Breakdown point €, = €* = 0.5.
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Robust location estimators in 1D

[_Es$timators based on modal intervals (cont)

[ FSM (fraction of sample mode): generalized HSM.

> Each successive modal interval contains a fraction p of the
data.

> Breakdown point €¢* = min(p, 1 — p).

[ ESMW (fraction of sample mode with weights): generalized
FSM.

> Each observation has a weight assigned to it.

> Each successive modal interval contains a fraction p of the
total sum of the weights.
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Robust location estimators in 1D

[ Okher estimators of the mode

[ EPDFM (mode of the empirical density function): maximum
of the smoothed data histogram (kernel estimator).

fla) = — D ox —1<x_%>2
Tanv2e = 2 Uh

> h is a smoothing parameter determined from a robust scale
estimator, e.g. MAD (median of the absolute deviations from
the median).
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Robust location estimators in 1D

[ Olther estimators of the mode (cont)

[ PM (parametric mode): maximum of a pdf (e.g. normal) with
location and scale estimated from the data.

> If necessary, the data can be transformed for a better
approximation by the chosen family.

> The location and scale estimates can be classical (mean and
standard deviation) or robust (median and MAD).
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Robust location estimators in 1D

[ _E$timators based on order statistics

[__[destimators: linear combinations of order statistics.
L(T1,...,Tpn) =w1T1+ ...+ WrTyp

Affine equivariance requires ) w; = 1.

> The breakdown point depends on which weights are different
from zero. If 7 is the smallest and 5 is the largest index with a

weight different from zero, the FSBP is
e, =min(s,n —j+1)/n

n

> Special cases: median, truncated means
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Robust location estimators in 1D

[_Es$timators based on trimming or down-weighting

[ LTS (least trimmed squares): minimize the sum of the A
smallest squared residuals.

prs = argmin » riy(p),  ri(p) = (v = p)/os
1=1

> Exact computation by exhaustive search (prohibitive),
approximate computation by iteration.

> Maximum breakdown point is ¢ = 0.5 for h =n/2 + 1.
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Robust location estimators in 1D

[E$timators based on trimming or down-weighting (cont)

[ M-estimator: minimize the sum of a function of the residuals.

pn = axgmin y_ p(ri(p), i) = (2i — p)/o

> p(x) = x* gives the mean, p(z) = |z| gives the median (if all
o; are equal).
> p(x) should grow less quickly than a quadratic function.

> Computation by iterated re-weighted mean, with weights

Wi = w(ri)/aij w(x) _ IOI(ZIZ‘)

T
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Robust location estimators in 1D

[ E$timators based on trimming or down-weighting (cont)

[_Abaptive estimator: minimize the sum of weighted squares
residuals.

g = axgmin y wird (), i) = (v — p)/o;
1=1

> The weights describe the compatibility of the observation with
the estimate:

e — exp(—r?/2T)
" exp(—r2/2T) + exp(—C?2/2T)
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Robust location estimators in 1D

> (' is a cut-off, T is a temperature.

> Computation as an iterated re-weighted mean.
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Robust location estimators in 1D

[__E$timators based on residuals can be immediately generalized to
robust regression.

[ LIMS regression

[ LTS regression

[ M regression
[_Ablaptive regression

[_Cbmbinatorial optimization

[__Dlependent on starting value
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Application to energy loss data

Application to energy loss data
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Application to energy loss data

[ Jdint work with M. Regler and M. Friedl (ICATTP 2005).

[__The experimental data
[ Bkam (KEK): Pions with p =4 GeV /c
[ DEtector: 300 micron silicon wafer, 51 micron pitch
[ Dbuble-sided, data from p side

[ Anplification by the APV25 front-end chip (developed for
CMS)

[ Ldow electronic noise (739 e-h pairs)
[ Pédestal subtraction

[ Cbmmon mode correction
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Application to energy loss data

[Signal data
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Application to energy loss data

[ Data modelling

[ Model: Bichsel convoluted with Gaussian noise
[ Pérfect fit

[ Fitted noise width (723) agrees well with experiment (739)
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Application to energy loss data

[_GEneration of random samples

[ Gknerate 50000 random samples of size 15 from the
experimental distribution.

[ _Ald various amounts of uniform noise.

[ Study (parametric) maximum likelihood and (non-parametric)
L-estimators.

[ Maximum likelihood uses Bichsel model, convoluted with
Gaussian
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Application to energy loss data

[ Olptimal L-estimator

[ Glven a location to be estimated, there is an equivariant L-
estimator L,,¢ with the smallest variance.

[ The optimal weights are estimated from the data, using the
first two moments of the order statistics:

i=FEX), C=cov(T)

[ The two largest order statistics have very large variance and
are dropped.

[ More order statistics can be dropped for higher robustness.
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Application to energy loss data

[ Uhder the constraints E(Lqpt) =t and > w; = 1 the optimal

weights are determined by minimizing

M (%) = 0 Cw — 2a0(wt i — t) — 26(whe —

[_The explicit solution is given by
wopt = A" B(tf?— ﬁ)

with

B=C it —eit)Ct, A=[i'Be, &=

a,...

1)
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Application to energy loss data

[ Cbmparison of the separation power (ratio of mean to standard
deviation)

[ Thtuncated means of subsets of size 2,4,6,7,8,10

[ Obtimal L-estimator
[ ML-estimator

[ Cbntamination with various amounts of noise (uniform in the
range of the observations)
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Application to

energy loss data

pnoise: pnoise:
1700 - - 18 . :
171 << Mean of subset (size=2)
1600
=—&  Mean of subset (size=4)
161
1500} &—  Mean of subset (size=6)
5 15l
= 6—©  Mean of subset (size=7)
[«B] wn A
; % 14+ Mean of subset (size=8)
@
= 1300t = .
8 Mean of subset (size=10)
& 13} 1
1200} ——  Optimal L—estimator
121 1
® Maximum likelihood
1100+ i |
11 Bichsel mode
1000 ' — 10 ' —
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Expectation of estimator x 10* Expectation of estimator x 10*
No noise
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Application to

energy loss data

pnoise:0'01 pnoise:0'01
1700 - - 18 . :
171 << Mean of subset (size=2)
1600
=—&  Mean of subset (size=4)
161
1500} &—  Mean of subset (size=6)
5 15l
= 6—©  Mean of subset (size=7)
[«B] wn A
; % 14+ Mean of subset (size=8)
@
= 1300t = .
8 Mean of subset (size=10)
& 13}
1200} ——  Optimal L—estimator
121
® Maximum likelihood
1100+ i |
11 Bichsel mode
1000 ' — 10 ' —
1.6 18 2 2.2 1.6 18 2 2.2
Expectation of estimator x 10* Expectation of estimator x 10*
1% noi
o Noilse
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Application to

energy loss data

pnoisezo'02 pnoisezo'02
1700 - - 18 . :
171 | <+ Mean of subset (size=2)
1600
=—&  Mean of subset (size=4)
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5 15l
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1.6 18 2 2.2 1.6 18 2 2.2
Expectation of estimator x 10* Expectation of estimator x 10*
2% noi
o Noilse
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Application to

energy loss data

pnoisezo'05 pnoisezo'05
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5% noi
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Application to energy loss data

[_Séparation ratio p drops by about 5% when 2% noise are added
[ Olptimal L-estimator slightly better than truncated means

. Without noise, means of observations from 1 to 6 and 1 to 7 are
nearly as good

__With noise, mean of observations from 2 to 7 is nearly as good

[E$timation of median (mean of observations 7 and 8) gives inferior
separation

ML estimator is not equivariant, slightly worse than the best
| -estimators and much slower to compute

R. Fruhwirth Robust Location Estimators 29



Robust location estimators and regression in 3D

Robust location estimators and
regression in 3D
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Robust location estimators and regression in 3D

[ Tkue 3D location estimators:

[ LMS: the point with minimizes the median of the (squared)
distances to all data points, center of the smallest sphere
covering half of the data

[ MVE (Minimum volume ellipsoid): center of the minimal
ellipsoid covering h data points (h > n/2)

[ MCD (Minimum covariance determinant): Mean of the h
points for which the determinant of the covariance matrix is
minimal (h > n/2).

[ Cbmputation tends to be slow
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Robust location estimators and regression in 3D

[ Cbordinatewise 1D location estimators:

[ Cbordinatewise median, LMS, HSM, FSM, . . .
[ Chnnot be affine equivariant (only exception: arithmetic mean!)
[ NEked not be inside the convex hull of the observations
[ Blut: much faster to compute

[_Inhportant for fast and robust initialization of vertex fit
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Robust location estimators and regression in 3D

[ LTS, M-estimator, Adaptive estimator:

[Sdraightforward generalization from 1D case, both for robust
location estimation and for robust regression

[ Inhplemented as iterated re-weighted LS-estimator (regression
or Kalman Filter)

[_Uked for robust precision estimates of interaction vertices
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Application to vertex reconstruction

Application to vertex
reconstruction
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Application to vertex reconstruction

[ Nked fast and robust location estimators for approximate initial
estimate (expansion point)

[ Nkeed precise but robust regression for estimation of vertex
position and track momenta

[_Finding of secondary vertices by iterated robust estimation

[ Cbmpute robust estimate of vertex position
[ Find tracks not compatible with estimated vertex

[ Ré&peat on set of incompatible tracks

R. Fruhwirth Robust Location Estimators 35



Application to vertex reconstruction

[ Studies

[ Sfudy of LS, LTS and adaptive estimator with synthetic data
(J. D'Hondt et al., IEEE TNS)

[__Rbbust vertex reconstruction in CMS with simulated data
(W. Waltenberger, thesis)

[ Ghussian-sum filter for vertex reconstruction
(R. Fruehwirth and T. Speer, CPC)

R. Fruhwirth Robust Location Estimators
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Application to vertex reconstruction

[ Sénsitivity of Robust Vertex Fitting Algorithms
J. D'Hondt, R. Fruhwirth, P. Vanlaer, W. Waltenberger
IEEE Trans. Nucl. Sci. 51 (2004) 2037.

[ Pérformance of LS, LTS and AVF on synthetic vertices
[ T¥pe-1 outliers: variance inflation

[ T¥pe-2 outliers: shift

[ Vhrious multiplicities

R. Fruhwirth Robust Location Estimators
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Application to vertex reconstruction

x (boost direction)

vertex 2

G 4 (Type-2) =50um

Ayl

A

vertex 1

G (Type-1) =k.50pum

0,0:0)

—= = _ G|=50um

T Gaussian smearing
\ “\\ (RIP’ZIP)
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Application to vertex reconstruction

[ Study of type-1 outliers
[ odyi/0in = 3,10
20 tracks in total

[ Look at pulls, residuals, y?-probability

R. Fruhwirth Robust Location Estimators
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Application to vertex reconstruction
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Application to vertex reconstruction
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Application to vertex reconstruction
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Application to vertex reconstruction

[ Study of type-2 outliers
tracks, Ay = 100, 300, 5004

[ Look at bias, y*-probability
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Application to vertex reconstruction
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Application to vertex reconstruction
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Application to vertex reconstruction

[ _Fast initial vertex estimate

[ Should be where the majority of the tracks is
[ Bhsed on crossing point of track pairs

[_The crossing point is halfway between the two points of closest
approach

[__Edch crossing point gets a weight inversely proportional to the
distance

[ Cbordinatewise estimators
[ TMS, HSM, FSMW

[_Uke all crossing points or only a subset
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Application to vertex reconstruction

[ 3D estimators

[ SMS (approximate LMS): crossing point that minimizes the
median of the squared distances

[ IS9MS (iterated SMS): repeat SMS on the data points below
the median

| Bhseline estimators

[ Z&ro: returns (0,0,0)
[ Monte Carlo: simulated vertex
[_vdrtex fitted by LS
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Application to vertex reconstruction

[ Cbmparison with c¢ and ¢gg events

cc qq
Estimator RMS oric | fail t | RMS oric | fail t
lwm] | [pm] | % | [ms] | [pm] | [pm] | % | [ms]
SubsetHSM(-1) || 38| 29| O] 35| 37| 25 O 4
HSM(-1) 37| 27| 0 34| 32| 24| o] 39
LMS(-1) 196 | 41|02 34| 237| 44|11 3.9
HSM(100) 54 38 0 0.7 48 32 0 0.8
FSMW(-1) 38| 27| o161 34| 24| 0] 229
ISMS(200) 33| 27| o| 82| 30| 26|01 81
FSMW(200) 49| 33| 0 3| 43| 29| o0 3

Resolutions and failure rates for quark pairs

R. Fruhwirth
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Application to vertex reconstruction

[_Cbmparison with low-multiplicity vertices

J/v ¢ — KK utu~ Tt > pEpty

Estimator RMS ori: | fail t | RMS ori: | fail t

lpm] | [pm] | % | |ms] | [pm] | [pm] | % | [ms]
SubsetHSM(-1) || 744 | 61| 194 | 02 1018 | 780|379 0.1
HSM(-1) 744 | 61|1904| 02| 1020] 780 | 37.8| 0.1
LMS(-1) 833 139 | 17.0 0.2 || 1035 | 937 | 384 0.1
HSM(100) 744 | 61194 | 02| 1020 | 780 |37.8| 0.1
FSMW(-1) 578 | 63 | 140 | 03| 967 | 755|323 | 0.2
ISMS(200) 736 | 60| 162 | 04 | 1010 | 876|382 | 0.2
FSMW/(200) 578 04 | 14.0 0.2 967 | 755 | 32.3 0.1

Resolutions and failure rates for low-multiplicity vertices

R. Fruhwirth
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Application to vertex reconstruction

[ Influence of the initial estimate on the final (adaptive) vertex fit

[ _vilx: reconstructed vertex can be associated to the simulated
vertex

[ <cut: reconstructed vertex closer than 2004 from the simulated
vertex

[ FSMW/(200) with p = 0.4 is the default algorithm
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Application to vertex reconstruction

Estimator cc (jetfilter) || qq (jetfilter) J/Y & T — T
vix | < cut vix | < cut vix | < cut vix | < cut
LMS 1969 | 1849 || 1963 | 1831 | 1901 1120 || 1578 250
FSMW/(200) || 1986 | 1892 || 1993 | 1942 || 1948 | 1285 || 1778 2172
Zero 443 3381 435 385 407 147 167 23
MonteCarlo 1993 | 1897 || 2000 | 1999 || 1984 | 1409 | 1678 348
LinVtxFit 1955 | 1840 || 1935 | 1854 || 1926 | 1305 | 1643 2601

Influence of the initial estimate on the final (adaptive) vertex fit

R. Fruhwirth
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Application to vertex reconstruction

[_Final precision vertex estimate: Adaptive fitter

[_Itérated re-weighted Kalman filter

[Lihearization point and initial weights from fast robust initial
estimate

[_Eadst annealing: T' = 256,64,4,1,1,...
[ _Itération stops when T'=1 and Av < 1um
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Application to vertex reconstruction

[ Detailed study and comparison with Kalman filter in PhD thesis
by W. Waltenberger

Example of a cc event
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Application to vertex reconstruction

Time series of the track weights
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Application to vertex reconstruction

[ Resolution, c€, Adaptive, z-coord | Stats
Entries 7831
700 Mean 4.163e-06
F RMS 0004007
= Prob 1.166e-10
600— Constant(Core) 530.9+ 116
£ Mean(Core) 2.927e-05+ 3.221e-05
500— Sigma(Core) 0.001799+ 0.000053
C Constant(Tail) 81.67+7.73
£ Mean(Tail) -6.761e-05 + 1.234e-04
4001— Sigma(Tail) 0.005873+ 0.000223
300[—
200[—
100
el | ol

. PP I
-0.02 -0.015 -0.01 -0.005 O

P i .
0.005 0.01 0.015 0.02

Resolution, ct, Kalman, z-coord | Stats
Entries 3192
F Mean -2.799e-05
100— RMS 0.008991
r Prob 0.6494
[ Constant(Core) 50.92+ 3.86
80 L Mean(Core) ~ 0.0003332+ 0.0001899
L Sigma(Core) 0.002646 + 0.000269
= Constant(Tail) 38.36+ 2.45
r Mean(Tail) -0.000319 + 0.000390
60 Sigma(Tail) 0.01358 + 0.00079

40

20

|

A by b by b 1y
-0.02 -0.015 -0.01 -0.005 0O 0.005

P P I |
0.01 0.015 0.02

d[cm] d[cm]
[ Standardized residuals, cZ, Adaptive, z-coord Stats Standardized residuals, cg, Kalman, z-coord | Stats

ENtries 7982 ENtries 2953

700 Mean -0.008076 E Mean 0.08335

C RMS 1.389 8of- RMS 4.595

E Prob 8.356e-06 C Prob 0.1223

600 . Constant(Core) 607.3+9.3 70 i Constant(Core) 46.06 + 2.75

C Mean(Core) 0.006269 + 0.013664 C Mean(Core) 0.05962 + 0.10739

500 — Sigma(Core) 1.134+0.011 60 E Sigma(Core) 1.935+0.145

C Constant(Tail) 2.533+0.265 E Constant(Tail) 25.12+0.96

C Mean(Tail) 0.449:+1.374 50 £ Mean(Tail) 0.0773 + 0.4350

400— Sigma(Tail) 10+07 E Sigma(Tail) 10+0.3
F 401
300[— E
F 30F
200 E
E 20
100— 10F

0 B ! ! ! 0
-10 -5 0 5 10 -10 -5 0 5 10
d[cm] d[cm]

Comparing AVF with KVF, c¢ channel
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Application to vertex reconstruction

[ Resolution, Jy /o, Adaptive, z-coord | Stats [ Resolution, Jy /¢, Kalman, z-coord | Stats
Entries 5465 Entries 5392
C Mean -0.0001034 600 = Mean -0.0002744
600 — RMS 001583 r RMS 00168
: Prob 1.701e-11 I Prob 1.355e-18
E Constant(Core) 481.9+13.2 500 C Constant(Core) 456.1+12.8
500 L Mean(Core) -0.00026+ 0.00009 C Mean(Core) -0.0001228 + 0.0000960
r Sigma(Core) 0.004356 + 0.000127 r Sigma(Core) 0.004453 + 0.000134
200~ Constant(Tail) 58.97 + 3.55 400 } Constant(Tail) 55.54 + 3.40
L Mean(Tail) 0.0003689 + 0.0005193 L Mean(Tail) -0.001029 + 0.000563
C Sigma(Tail) 0.02303 + 0.00074 C Sigma(Tail) 0.02437+ 0.00083
300 300~
200 200—
100 — 100|—
o) R e | | o) R — T |
-0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 -0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08
dlcm] d[cm]
\ Standardized residuals, Jy / o, Adaptive, z-coord | Stats \ Standardized residuals, Jy / o, Kalman, z-coord Stats
Entries 5805 ENtrie: 5712
F Mean -0.01183 F Mean -0.0558
£ RMS 1.255 C RMS 1.669
600 } Prob 0.007389 500 Prob 3.062e-10
L Constant(Core) 557.3+9.9 ~ Constant(Core) 487.3+9.2
C Mean(Core) -0.01929 + 0.01246 C Mean(Core) -0.0167 + 0.0140
500 — Sigma(Core) 0.9103+0.0109 a00F Sigma(Core) 0.9813 + 0.0130
r Constant(Tail) 2.708+0.256 C Constant(Tail) 4.411% 0.302
400 Mean(Tail) 0.248+1.276 C Mean(Tail) -1.402+ 0.824
C Sigma(Tail) 10+0.6 - Sigma(Tail) 10+0.2
F 300
300 I
F 200—
200+ C
100~ 1001~
ok L L AL L 0 = L ol P B L L
-10 -5 0 5 10 -10 -5 0 5 10
d[cm] d[cm]
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Summary and outlook

Summary and outlook
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Summary and outlook

[_Rbbust location estimators useful in many situations
[T destimators can be optimized to the distribution

_ Mode estimators find the concentration point of the observations
without any assumption on the distribution

[_AHdaptive estimators downweight outliers without assumption on
the type or level of the contamination

__ Without contamination adaptive estimators are very close to the
optimal linear estimator
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Summary and outlook

[_Itkrated adaptive estimator can be used for vertex finding

[_Ablaptive fit of “main” vertex
[ Répeat on set of rejected tracks
[ Clirrently under test

[_Adaptive estimator can be generalized for simultaneous fitting of
several vertices (multi-vertex fit)

[ Siart with several vertex candidates
_ Wleights are modified such that vertices compete for the tracks
[ Sdme simple tests with synthetic data
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Summary and outlook

[ ORCA implementation being ported to new framework CMSSW
[ Spin-off: Vertex reconstruction toolkit RAVE (W. Waltenberger,
F. Moser, W. Mitaroff)
[ Clirrently source-code compatible with CMSSW
[_EXperiment independent, open to extensions
[ Veértex finding (clustering) and vertex fitting (estimation)
[ Inktended for use in ILC and BELLE(?)

[ Simple stand-alone framework (VERTIGO) for fast debugging,
visualization and analysis
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Summary and outlook

Test LCIO CMS Belle

Events  Files Events  Euents?
P L+

Vertex LCIO Data

Gun EvtGen Seeder

VertigoEventGenerators

Tracks

VERTIGO

Vertices
VertigoObservers
DATA | Viwa-| Hiso- | Date—
FLOW isation gramming |Harvester
|
HdfiRoot files
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