
Masses and Fission Barriers
of Atomic Nuclei

K. Pomorski

Department of Theoretical Physics
Marie Curie-Sklodowska University, Lublin, Poland

Workshop on Level Density and Gamma Strength in Contiunuum
Oslo, May 21-24,2007

Masses and Fission Barriers of Atomic Nuclei – p.1/33



My co-workers:

Jerzy Dudek and Johann Bartel

from IPHC and ULP, Strasburg, France
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Program:

• Introduction
• Leptodermus expansion of energy functional
• Role of different components of the liquid drop

model
• Lublin – Strasbourg Drop
• Parameterization of nuclear shapes
• Potential energy surfaces of fissioning nuclei
• Fission barriers and saddle point masses
• Shell and pairing energies
• Summary and conclusions
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Other models: droplet, Yukawa+exp., FRDM, TF, ETFSI
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Chart of known isotopes
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Nuclear energy functional
The one-body density of a nucleus can be expressed as

ρ = A

∫ ∫

. . .

∫

Ψ⋆Ψ dτ2 · · · dτA

and the corresponding energy-density as

η =

∫ ∫

. . .

∫

Ψ⋆ĤΨ dτ2 · · · dτA .

The total energy of the nucleus is

B =

∫

V

η d 3r
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Leptodermous expansion
The total energy integral can be decomposed around diffused
around a nuclear surfaceΣ:

B = bvolA +

∮

Σ

dσ

∞
∫

0

(η − bvol ρ) dr⊥

= bvolA + γ(0)

∮

Σ

dσ + γ ′
κ a

∮

Σ

κ dσ

+
1

2
γ ′′

κκ a 2

∮

Σ

κ2dσ + γ ′
Γ a 2

∮

Σ

Γ dσ + . . . ,

whereκ = 1

R1

+ 1

R2

andΓ = 1

R1·R2

are the 1st and the 2nd

order (Gauss) curvatures andR1 andR2 are the local main radii
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Leptodermous expansion of the Skyrme energy
functional:
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Fit of the liquid drop parameters to experimental
binding energies of all known isotopes as function
of the charge radius:
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Lublin – Strasburg Drop model:

M(Z, N ; def) = ZMH + NMn − belec Z2.39

+ bvol (1 − κvol I2 ) A

+ bsurf (1 − κsurfI
2 ) A2/3Bsurf(def)

+ bcur (1 − κcur I2 ) A1/3Bcur(def)

+ 3
5

e2 Z2

rch
0

A1/3
BCoul(def) − C4

Z2

A

+ Emicr(Z, N ; def) + Econg(Z, N)
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Fit to the 2766 experimental masses:

Term Units LDM LSD
bvol MeV -15.8484 -15.4920
κvol - 1.8475 1.8601
bsurf MeV 19.3859 16.9707
κsurf - 1.9830 2.2938
bcur MeV 0 3.8602
κcur - 0 -2.3764
r0 fm 1.18995 1.21725
C4 MeV 1.1995 0.9181
δM MeV 0.732 0.698

δVBZ>70
MeV 5.58 0.88

MH=7.289034 MeV; Mn=8.071431 MeV; belec=1.433 eV

K. Pomorski , J. Dudek, Phys. Rev.C67, 044316 (2003).
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LSD+YF mass deviation:
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Masses of isotopes:
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exp: The mass deviations are plotted for 2766 isotopes taken fromthe

Chart of Nuclides by M.S. Antony, Strasbourg, 2002.

LSD: K. Pomorski, J. Dudek, Phys. Rev.C67, 044316 (2003).

TF: P. Möller, J.R. Nix, W.D. Myers, W.J.Świa̧tecki, At. Data Nucl.

Data Tables59, 185 (1995).
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LSD masses:
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TF and LSD mass differences:
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TF and LSD mass differences:
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Predictive power of mass formulae
Root means square deviations (δM in MeV) of theoretical and

experimental binding energies of 1654 isotopes taken from the

Audi-Wapstra tables and 2766 isotopes from the Antony chart:

Model δM(2766) δM(1654)

LSD(2766) 0.698 0.610

LSD(1654) 0.711 0.600

TF-MS(1654) 0.757 0.655

ETFSI(1888) 0.828 0.738

ETFSI: S. Goriely, J.M. Pearson, and F. Tondeur, At. Data andNucl. Data Tables77, 311 (2001).
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Spherical harmonics expansion:
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Modiffied Funny-Hills:
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MFH shapes examples:
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PES of240Pu in the MFH space:
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Fission barrier heights:
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Saddle point masses:
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Stiffness at the saddle point:
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Shell and pairing corrections:

Etot = Emacro + δEshell + δEpair

δEshell =
∑

occ

2eν − 〈
∑

occ

2eν 〉

Epair = EBCS −
∑

occ

2eν

δEpair = Epair − 〈 Epair 〉

δEshell + δEpair = EBCS − 〈 EBCS 〉
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Harmonic oscillator s.p. energy sum

 0

 100

 200

 300

 400

 500

 600

 700

 0  100  200  300  400  500  600

ΣN i=
1 

e i
   

[/h
ω

0]

N 4/3

Harmonic oscillator

E-E=1.0878 N 4/3 /hω0

-10

-5

 0

 5

 10

 0  100  200  300  400  500

∆E
  [

/hω
0]

N

-10

-5

 0

 5

 10

 1  2  3  4  5  6  7  8

∆E
  [

/hω
0]

N 1/3

-10

-5

 0

 5

 10

 2  4  6  8  10

∆E
  [

/hω
0]

ei  [/hω0]

K. Pomorski, Phys. Rev.C70 (2004) 044306. Masses and Fission Barriers of Atomic Nuclei – p.26/33



Gogny mean-field Hamiltonian:
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N -folding of the s.p. energy sum

Esum(n) =
n
∑

ν=1

eν

The energy sum smoothed inN 1/3-space is given by:

〈 Esum(N ) 〉 =

Nmax
∑

Nmin

2 Esum(n)

3 n2/3
j

(

N 1/3 − n1/3

γ

)

whereγ ≈ 0.7 is the smearing width and

j(u) =
1√
π

e−u2

(

35

16
− 35

8
u2 +

7

4
u4 − 1

6
u6

)

.

K. Pomorski, Phys. Rev.C70 (2004) 044306.
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Strutinsky and new shell energy
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Plateau condition:
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N -folding of the BCS energy:

EBCS(n) = 2
∑

ν

v2
νeν − G

∑

ν

v4
ν − ∆2/G

The BCS energy smoothed inN 1/3-space is given by:

〈 EBCS(N ) 〉 =

Nmax
∑

n=Nmin

2 EBCS(n)

3 n2/3
j

(

N 1/3 − n1/3

γ

where

j(u) =
1√
π
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Smooth pairing energy
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Summary and conclusions
• Lublin StrasburgDrop, which apart traditional

liquid drop terms contains the curvature energy,
describes well the masses of known isotopes.

• The fission barriers as well as the saddle point
masses are reproduced well by the LSD model.

• New method of evaluation of the Strutinsky
smoothed energy by folding in the particle
number space is proposed.

• TheN -folding method can be applied to obtain
the average pairing energy.

• Large scale calculation of the nuclear mass table
is planned.
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