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OUTLINE 

1. From shell model and quantum chaos to level density 

 

2. Statistics of unstable quantum states  

 

3. Porter-Thomas distribution? 

 

4.    Miscellaneous (time permitting) 
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Shell model level density (28Si, J=0, T=0)‏ 

Averaging over 
•  10 levels 
•  40 levels 
 
(distorted edges)‏ 

J = 2, T = 0 

Shell  model 

versus Fermi-gas 

 

a = 1.4/MeV 
a (F-G) = 2/MeV 
(two parities?)  



Widths of level distributions in the J-class for a single-j model 

(6 particles; random inreractions) 



Partition structure in the shell model 

(a) All 3276 states ; (b) energy centroids   

28  
Si 

Diagonal 

matrix elements 

of the Hamiltonian 

in the mean-field  

representation 

 



Energy dispersion for individual states is nearly constant 
                  (result of geometric chaoticity!)‏ 
Also in multiconfigurational method (hybrid of shell model and  
                  density functional) 
              



Quantum numbers 

Partitions 

Many-body dimension 

Finite range 
Gaussian 

Centroids 

Widths 



WHAT WE HAVE LEARNED FROM SHELL MODEL EXPERIENCE 



EXPONENTIAL DISTRIBUTION : 
 
Nuclei (various shell model versions), atoms, IBM 



Local density  of states 

in condensed matter physics            



AVERAGE STRENGTH FUNCTION 
Breit-Wigner fit (dashed)‏ 
Gaussian fit (solid)   

 
Exponential  tails 



52 
     Cr 

Ground and excited states 

 56 
     Ni 

   Superdeformed headband 

56 



EXPONENTIAL 
CONVERGENCE 
OF SINGLE-PARTICLE 
OCCUPANCIES 

(first excited state J=0)‏ 

52 
     Cr 

Orbitals f5/2 and f7/2 



Purity ? Missing levels ? 

235U, I=3 or 4, 
960 lowest levels 
f=0.44 

Data agree with 
 
f=(7/16)=0.44 
 
       and 
 
4% missing levels 

0, 4% and 10% missing D. Mulhall, Z. Huard, V.Z.,  
PRC 76, 064611 (2007). 



Information entropy is basis-dependent 
     - special role of mean field 



    INFORMATION  ENTROPY  of   EIGENSTATES 
  (a)  function of energy; (b) function of ordinal number 
 
   ORDERING of EIGENSTATES of GIVEN SYMMETRY    
SHANNON ENTROPY AS THERMODYNAMIC VARIABLE                



INFORMATION ENTROPY AT WEAK INTERACTION 



Smart information entropy   
(separation of  center-of-mass excitations 
of lower complexity shifted up in energy)  

12 C 

CROSS-SHELL  MIXING  WITH  SPURIOUS  STATES  

1183 states 





classification 

Pure                        Total                 (N=0) 

(N=1) 

Recursive relation 

LOGICAL   IDENTITY 



s + p + sd + pf shell space 
WBT interaction,  
negative parity  
  

Exact shell model:       stair-dashed (with CM) and stair-solid (no CM) 
Method of moments: straight-dashed (with CM) and straight-solid (no CM) 
Dotted line:                   spurious states  

20  Ne 



22 Mg 





22 Na 

Density of spurious states is shifted to compare with  
the result of the shell model with the shift   





26Al 

Staircase – experimental counting of levels  (“pessimistic” and “optimistic”)   

PROBLEMS: Oscillator classification 
Parameter of the finite range Gaussians 
Ground state energy 
Inter-shell effective interactions 
Excited states are in the continuum   



FUTURE  DIRECTIONS: 
 
^  Interaction dependence; simple models and  
   smoothing by “chaotic” interactions 
^  Different mass regions 
^  Odd and odd-odd nuclei 
^  Comparison with data in the region of neutron 
    separation energy 
^  Fit for phenomenological parameters 
^  Spin cut-off factor  
^  Global behavior 
^  From Shell Model to Continuum Shell Model 
   …   



* SPECIAL ROLE OF MEAN FIELD BASIS 

  (separation of regular and chaotic motion; 

   mean field out of chaos) 

 

* CHAOTIC INTERACTION as HEAT BATH 

 

* SELF – CONSISTENCY OF  

  mean field, interaction and thermometer 

 

* SIMILARITY OF CHAOTIC WAVE FUNCTIONS 

 

* SMEARED  PHASE TRANSITIONS 

 

* CONTINUUM EFFECTS    (IRREVERSIBLE DECAY) 

  new effects when widths are of the order of spacings – 

  restoration of symmetries 

  super-radiant and trapped states 

  conductance fluctuations … 

  STATISTICAL MECHANICS of CLOSED MESOSCOPIC SYSTEMS 



COMPLEXITY of QUANTUM STATES 
              RELATIVE! 
Typical eigenstate: 

 

 GOE: 

Porter-Thomas distribution for weights: 

Neutron width of neutron resonances as an analyzer 

(1 channel) 



Single-particle decay in a many-body system

Total states 8!/(3! 5!)=56; states that decay fast 7!/(2! 5!)=21

Quasistationary states are determined by continuum 

•System 8 s.p. levels, 3 particles

•One s.p. level in continuum e= –i/2

Evolution of complex energies =E-i /2

as a function of 

Doorway states 



Superradiance, collectivization by 

decay
Dicke coherent state
N identical two-level atoms

coupled via common radiation 

Analog in a complex system
Interaction via continuum
Trapped states ) self-organization

Volume ¿ 3

 ~ D and few channels

• Nuclei far from stability

• High level density (states of 

same symmetry)

• Channel thresholds





(Eigenchannels in P-space) 

(off-shell) 

(on-shell) 

Factorization (unitarity), energy dependence (kinematic thresholds) 

(+) means + i0 



EFFECTIVE HAMILTONIAN 

One open 
channel 



Ingredients 

• Intrinsic states: Q-space   
– States of fixed symmetry 

– Unperturbed energies 1; some 1>0 

– Hermitian interaction V 

• Continuum states: P-space  
– Channels and their thresholds Ec

th 

– Scattering matrix Sab(E) 

• Coupling with continuum 
– Decay amplitudes Ac

1(E) 

– Typical partial width =|A|2 

– Resonance overlaps: level spacing vs. width  



EFFECTIVE HAMILTONIAN 

One open 
channel 







(GOE + 1 open channel) 
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Porter – Thomas distribution of neutron widths  (recent  ongoing story) 
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Super-radiant transition 
 
in Random Matrix Ensemble 
 
N= 1000, m=M/N=0.25 



Loosely stated, the PTD is based on the assumptions that 
s-wave neutron scattering is a single-channel process, the 
widths are statistical, and time-reversal invariance holds; 
hence, an observed departure from the PTD implies that 
one or more of these assumptions is violated 

P.E. Koehler  et al. 
PRL 105, 072502 (2010) 

                  
  

- 

(a) Time-reversal invariance holds 
(b) Single-channel process 
(c) Widths are statistical (whatever it means…) 
(d) Intrinsic  “chaotic” states are uncorrelated 
(e) Energy dependence of widths is uniform 
(f) No doorway states 
(g) No structure pecularities  

(b) and (d) are wrong; (c), (e), (f), (g) depend on the nucleus 



 
 

0.1  0.5 

1.0 5.0 

No  level repulsion at short distances! 
 
(Energy of an unstable state is not well defined) 





Resonance width distribution  
(chaotic closed system, single open channel) 

G. Shchedrin, V.Z., PRC (2012) 



Adding many “gamma” - channels 



FUTURE  DIRECTIONS: 
 
^  Experimental situation  
^  Realistic spacing distribution 
^  Realistic gamma-width distribution 
^  Single-particle resonances 
^  Evolution with energy (new channels) 
   …   



Particle in Many-Well Potential 

Hamiltonian Matrix: 

Solutions:  

•No continuum coupling - analytic solution 

•Weak decay - perturbative treatment of decay 

•Strong decay – localization of decaying states at the edges 



Quantum signal transmission through a simple chain of wells  

V.V. Sokolov, V.G. Zelevinsky, Ann. Phys. (N.Y.) 216 (1992) 323.  
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Disordered problem  



Example: disorder + localization N=1000 

=random number and v=1 

Critical decay  

strength  about 2 Location of a particle 



Distribution of widths 

as a function of decay strength 

Weak decay: Random Distribution 

 

 

 

 

 

 

Transitional region:  

Formation of superradiant states 

 

 

 

 

 

Strong decay: Superradiance  



  
  

EPL 88 (2009) 27003 

Many – Body   One-Body 

 
 

Cross section (conductance) fluctuations  
in a system of randomly interacting  
fermions, similarly to the shell model,  
as a function of the intrinsic interaction  
strength. Transition  (lambda =1) –  
onset of chaos, exactly as in the theory 
of universal conductance fluctuations 
in quantum wires  

Cross section (conductance) fluctuations  
as  a function of openness.  
No dependence on the character of 
chaos, 
one-body (disorder) or 
many-body (interactions). 
Transition to superadiance: kappa=1 
(‘’perfect coupling”) 

7 particles, 14 orbitals,  

3432 many-body states, 20 open channels 



A. Ziletti et al. Phys. Rev. B 85, 052201 (2012). 

“Star” graph 
 
“bound state” 
 
in the center, 
 
long life time   

Next step – insert 
 
a qubit (qubits) 

Ya. Greenberg et al. arXiv:1302.2305 



 
 

Kleinwaechter & Rotter, 1985 
 
Dipole resonance in 16O 
From 15N(p,p’) reaction 
 
Shell model calculation 
changing  as a function 
of level density   <D> 

Narrow isolated resonances 

Overlapping resonances 



11Li model 
Dynamics of two states coupled to a common decay 

channel 

• Model H 

 

 

 

 

• Mechanism of binding by Hermitian interaction  

 



Interaction between resonances 

• Real V 
– Energy repulsion 

– Width attraction 

• Imaginary W 
– Energy attraction 

– Width repulsion 







Theoretical    framework 

Cross section Transition amplitude 

Scattering matrix  in space of channels 
       (unitary) 
 
 
Analog of R-matrix  
 
 
 



Averaging over intrinsic states  (GOE or TBRE) 

Maximum at perfect coupling 
     (“super-radiance”) 

Standard (Ericson) theory predicts small fluctuations    

If the number of channels   M >> 1 

Weisskopf relation 



Average width and width distribution for M=10 equivalent channels 

Moldauer – Simonius relation  
(also follows from non-Hermitian Hamiltonian) 

Average quantities depend only on transmission coefficients 



Width  fluctuations 
 
in different models 
 
of intrinsic interactions 

GOE level 

At  the  arrow position: 
 
P(s) is not sensitive 



Weak intrinsic chaos =  
 
Large width fluctuations 

Divergence independently of  M 





Transmission  at the center  
of the energy band , 
disordered  chain, 
      N=100, 
asymmetric  leads  
with ratio  of width  q. 
 
Curves:  Anderson disorder model 
 
Points : sequence of potential barriers  
             with random levels for each site 
 

Full correspondence with universal conductance fluctuations 
Various regimes of asymmetry and disorder 
Various geometries: 1-d, quasi 1-d, 2-d, 3-d, Y, crossings, stars … 
Attach  reservoirs at the ends 
Noise and decoherence  



SUMMARY 

1. General  method for open and marginally stable many-body quantum systems 
 

2. Instrument for studying the intrinsic chaos by cross sections 
      and their fluctuations and correlations 
 
3. Broad range of applications: exotic nuclei, particle resonances, 
       chemical reactions, micro- and nano-devices,  
       engineering for quantum information and signal transmission 
 
4. Many unsolved problems: 
       ^ theoretical description beyond canonical Gaussian ensembles 
       ^ interaction with collective excitations  and  doorway structure 
       ^ interaction with external noise  
       ^ distribution function in the complex plane – problem for experiment 
       …. 
 



Loosely stated, the PTD is based on the assumptions that 
s-wave neutron scattering is a single-channel process, the 
widths are statistical, and time-reversal invariance holds; 
hence, an observed departure from the PTD implies that 
one or more of these assumptions is violated 

P.E. Koehler  et al. 
PRL 105, 072502 (2010) 

the combined probability 
that the PTD is                  
valid is less than 3x10. -5 

(a) Time-reversal invariance holds 
 

(b) Single-channel process – (n,gamma) ? 

 
(c) Widths are statistical ? Whatever it means …  
 
(d) Intrinsic “chaotic” states are correlated through 
     common decay channel 
 
(e) Single-particle resonance – doorway state? 
 
(f) Combination of  (c),  (d)  and  (e) 

 
 

Attempts to fit by the PTD:  




